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1 Introduction

This document describes in a cookbook-fashion how to obtain geoid height at a given
location on the Earth from spherical harmonic coefficients of a gravity model. The
document is intended to aid “the uninitiated oceanographer” (Victor Zlotnicki, personal
communication) in constructing geoid undulations relative to a given reference ellipsoid,
defined by semi-major axis and flattening parameter, to be used with satellite altimetry
products.

It is clearly beyond the scope of this cookbook to explaanv certain formulas are
developed from first principles andhy the implicit approximations are appropriate.
The interested reader is referred to standard textbooks such as Heiskanen and Moritz
(1967) or Torge (1991)—where, incidently, all of the formulas stem from that are pre-
sented here.



2 Prerequisites

In order to use this cookbook you need the following information, usually provided
with the data product (the spherical harmonic coefficients):

common symbol(s) meaning
GM value of the gravity-mass constant irt/st
for the reference ellipsoid
value of the semi-major axis of the reference ellipsoid in meters

G My, a, the same for the geopotential model (subscript g)

f flattening parameter of the reference ellipsoid or equivalently

b value of the semi-minor axis of the reference ellipsoid in meters
w angular velocity of the Earth’s rotation in 1/s

C‘mm, S‘n,m the fully normalized spherical harmonic coefficients

(or Stokes’ coefficients) of the gravity model.

The parameter& M, a, f (or b), andw define the reference ellipsoid. This reference
ellipsoid for the geoid undulations must be exactly the same as the one used for the
altimetry data product. If you do not have this information directly from the provider of
the data product your geoid undulation will most likely be wrong, so make sure to ask
the authors of the altimetry data to provide you with this information.

Often, the satellite altimetry product and the spherical harmonic coefficients refer to
differentpermanent tide systemgou have to know which tide systems are used so that
you can correctly convert between them (see below).

Furthermore, you need the geographic, or equally, the geodetic coordinates of the
location(s) where you want to compute the geoid height. We will denote the geographic
latitude byy and the longitude by.

3 Geoid Height, Step by Step

3.1 Preliminaries

First, let's write down formulas for quantities that we will need lateron (Heiskanen and
Moritz, 1967). First the relationship between Earth flattening paranfetsemi-major



and semi-minor axes andb:
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3.2 Local ellipsoidal radius

The local ellipsoidal radius is computed as:

(gravity acc. at poles)

=2+ +22—a\/l— (1 — e) sin” 90.

— e2sin? @

An approximation to this radiusis given by (Heiskanen and Moritz, 1967):

() = a(l — fsin® ).

3.3 Coordinates: geocentric versus geographic

1)
(2)
3)

(4)
(5)
(6)
(7)
(8)
(9)

(10)

(11)

(12)

(13)

Spherical harmonic models are formulated in geocentric (or ellipsoidal) coordinates as
opposed to geographic (or geodetic) coordinates. The longitude is the same for both
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geographic and geocentric coordinates. But you have to convert your geographic (or
geodetic) latitude» into geocentric latitude. The formula for this is (Torge, 1991)

b 2
@ = arctan \/ﬁ = arctan [(a) tan 90] : (14)

3.4 Normal gravity

The normal gravityy, is a function of latitude. Computg, by this formula (Heiskanen
and Moritz, 1967, p.76, eq. 2-109):

1+ ksin? @ by, — av,

0(0) = %a P ith = e (15)
1 —e?sin“p Ya

3.5 Permanent tide system

Make sure that your spherical harmonic coefficients are in the right permanent tide
system. Generally, satellite altimetry products use the mean-tide system. Conversion
between different permanent tide systems involves either modifying one spherical har-
monic coefficient or adding a zonally uniform correction to the geoid undulations. To
convert zero-tide coefficients to mean-tide, use:

(—0.198 m)rig

C,(mean tide) C,(zero tide) —1x 16
2,0 2,0 aQGM\/g ( )
=—1.39 x 1078,
to convert tide-free coefficients to mean-tide, use
=(m n i —_ i T _0198m 3
Cé}oea tide) C;todefee) _ (1 + k)) % ( )’I“ g (17)

a?GMA+/5
(14 k) x (—1.39) x 1078,

wherek s the (fundamentally unknowable) zero frequency Love number, which must be
adopted. (For example, for EGM9650.3 was adopted); is the mean gravity.
Alternatively, you could add the permanent tide correction in the space domain, after



computing the geoid heighiY (Rapp, 1989):

N(mean tide) N(Zero tide) __

3 1
1 x (—0.198 m) x (5 sin? ¢ — 5) or (18)
N(mean tide) N(tide free) _
3 ., 1
(1+ k) x (—0.198 m) x oS —o ). (19)

This latter method appears to be the preferred one, because you can easily convert be-
tween permanent tide systems after the more expensive computation of the geoid undu-
lation.

3.6 Reference ellipsoid

An important part of the computation is the subtraction of the reference ellipsoid, de-
fined by the semi-major axis of the Earhand the flattening parametg¢r To do so,

the zonal coefficients of the spherical harmonic gravity méggl, n = 1,2,3,4,5 are
corrected by

= = GM a " Jgn
Cono — Csy — | — |  —— 20
2n,0 2n,0 + GMg (ag> \/m ( )

The factor(GM/GM,) - (a/a,)™ accounts for the fact that neither the gravity mass
constants nor the semi-major axes (just a scaling factor for the geopotential model) have
to be the same for geopotential model and reference ellipsoid. In fact, very often they are
not the samé. In general, it is sufficient to correct the zonal coefficieits, through

Cio0- The coefficients/,, are determined from the parametersf, and the angular
velocity w of the Earth by an expansion (Heiskanen and Moritz, 1967, p.73, eq. 2-92):

B il S(E/a)Q” C—-A
T = ) G D ) (1 —nt 5"W) - (21)

This equation involves new parameters: the moments of inertia with respect to any
axis in the equatorial pland and with respect to the axis of rotati@r (not to be
confused with the spherical harmonic coefficietts,,), the total mass\/, and the

1The reason why this is important, is that you are substracting two potentials from each other, the
potential of the model and the potential of the ellipsiod and in principles these two can be computed with
different constant&' M anda (see Smith, 1998).



linear eccentricity? = v/a? — b2. They can be computed by (Heiskanen and Moritz,
1967)

C—A 1] 2 (me
Sl | 22
ME? 31 15 ( qo )} (22)
w?a?b
— 23
m= oy (23)
:
Go = = 1—1—i arctan e’ — 3 : (24)
2 i 6/2 e/

¢/ = E/bis again the second numerical eccentricity. Subtracting the reference ellipsoid
IS a very sensitive operation, because two large numbers are subtracted from each other
and this is always prone to errors. So if your coefficientsare only slightly wrong,

this will have a big effect on your solution. If you are lucky, the precomputed values of
the coefficients/s,, which are in principle defined by, f, w, andG M, are provided

with the reference ellipsoid.

3.7 Fully normalized associated Legendre functions

For convenience, let us introduce the abbreviatibns sing andu = cosp. The

fully normalized associated Legendre functiofg,(t), sometimes also called fully
normalized harmonics, can be computed from the conventional associated Legendre
functionsp, ,, by (Torge, 1991):

P (t):\/k(2n+1)MP (1)
n,m | nm )

(n+m)!
with & — 1 form=0
2 form # 0.

(25)

The associated Legendre functions can be computed with the following recursive for-
mulas (e.g., Abramowitz and Stegun, 1972, Bronstein and Semendjajew, 1991):

Puiro(t) = (2n+1)t Poo(t) — n Pu_yo(t)
Pon(t) = (20 — 1)t Pa_yi () (26)
Pum(t) = Pas(t) + (21— 1)t Pa1m (1)



with the starting values

Pyo(t) =1
PL()(t) = t, Pl,l(t) =Uu
3 1
P270(t) :§t2—§, P271(t) :3Ut, P2,2(t):3u2.

However, these recursion formulas become numerically unstable forleaigdm (>
120) and you may have to use other, more sophisticated formulas. These can be found
in, for example, Paul (1978) and Holmes and Featherstone (2002). Here, we reproduce
one method from Holmes and Featherstone (2002) for convenience:

For the fully normalizechon-sectoriali.e.,n > m) P, ,,(t) you can use the follow-
ing recursion:

Pom(t) = apmt Pn,Lm(t) —bom Pn,lm(t), foralln > m (27)

where

) :\/(2 —1)(2n + 1)

")
(n—m)(n+m)’
)

, :\/(Qn—i—l (ntm—1(n—m—1)

(n —m)(n+m)(2n — 3)

Thesectorial(i.e.n = m)_Pm,m(t) serve as seed values for the recursion in (27). Start-
ing from Py o(t) = 1and Py 1 (t) = v/3u, they can be computed from

_ b 1 _
Pom(t)=u T;LJF Py 1m-1(t), forallm > 1, (28)
m

_ o[22+ 1
Po(t) = u" V3] / Z; . forallm > 1. (29)
=2

3.8 Putting it all together

such that

Now you are have all the quantities you need to compute the geoid undulatama
function of geographical longitudeand latitudey by the well-known formula (Heiska-
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nen and Moritz, 1967)

GM, <( az \"
N\ p) = @) ; (r(gp)> -
202 [Cn,m cos(mA) + gn,m Sin(m/\)} f_’nm(sin ?).

Here,C, ,, andS,,,, are the spherical harmonic coefficients of degresnd orden.

Note that in this formula, you need to use the mass gravity conStafitand the scale
factora, of the geopotential modeP, ,,,(sin ) are the fully normalized harmonics, or

fully normalized associated Legendre functions. They are described in the previous sec-
tion (Section3.7). Note that the harmoni€s,,, are evaluated at the geocentric latitude

¢, andnot at the geographical latitude

4 Nota Bene

We have neglected the time dependence of the geoid, in particular of the coefficient
(4.0, but this dependence can easily incorporated into the procedure. The rate of change
of Cy at the time that the gravity model refers to is usually provided with the model
coefficients.



5 Notation

Symbol Description Units

G M, mass gravity constant of the geopotential model® smi

g semi-major axis of the geopotential model meters

GM mass gravity constant of the reference ellipsoid * st

a semi-major axis of the reference ellipsoid meters

f flattening parameter of the reference ellipsoid no units

b semi-minor axis of the reference ellipsoid meters

E linear eccentricity meters

e first (numerical) eccentricity no units

e second (numerical) eccentricity no units

w angular velocity of the Earth’s rotation S

A longitude °F or radians

© geographic latitude °N or radians

% geocentric latitude °N or radians

r local elliptic radius meters

g mean gravity ms?

Yo local normal gravity ms?

Ya> Vo normal gravity at the equator, at the poles TS

o fully normalized spherical harmonic coefficients no units

S (or Stokes’ coefficients) of the gravity model no units

Py associated Legendre functions of the first kind no units

_mm fully normalized harmonics no units
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