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Abstract
The Gaussian kernel has played a central role in

multi-scale methods for feature extraction and match-
ing. In this paper, a method for shaping the filter using
the local image structure is presented. We propose an
optimization formulation that densely estimates the fil-
ter’s affine parameters by minimizing an objective con-
structed from differential feature responses and seeks it-
erative, approximate solutions. A consequence of shap-
ing the filters is affine invariance of the differential fea-
ture vector and it is shown that the shaped responses
improve recognition performance.

1 Introduction
Local continuum feature representations for recogni-

tion and retrieval are becoming increasingly common.
The methodology employed in such techniques com-
pares representations of images generated by using lo-
cal features of the image brightness surface. Features
obtained by applying such operators can equivalently be
thought of as tunable spatial-frequency filters, statistical
descriptors of the brightness surface, or approximations
of its local shape.

We are specifically concerned with multi-scale dif-
ferential features [2, 4, 5, 6, 12, 17, 19, 15, 20, 21];
a choice motivated by arguments [2, 5] that the local
structure of an image can be represented in a stable and
robust manner by the outputs of a set of multi-scale
Gaussian derivative filters applied to an image.

These techniques commonly use the isotropic Gaus-
sian scale-space, which precludes construction of affine
invariant features. Whilst arguments have been made
that isotropic scale-space features tend to behave well
under deformations, it is difficult to ascertain just how
well. Consider for example a pair of affine-deformed
images with a single global affine transform, with no
translation. That is,
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that the covariance congruence � ��� � � � ��� of the
Gaussian filters at corresponding points produces equal�
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responses. Now, if isotropic filters are used to extract
features, matching relies on “luck” rather than an ap-
propriate adjustment of the norm. Such problems ex-
ist for any “unnormed” filter function, such as Gabor
filters used commonly in the literature [24, 10]. To be
sure, techniques have been developed [9] that can match
images under an affine distortions by deforming the fil-
ter to minimize the error energy between an image pair,
but the construction of dense affine invariant continuum
features from a single image has been elusive.

This paper presents a novel approach to adapt the
shape of the filter using the local image structure, such
that affine “invariance” is a natural consequence. Akin
to producing rotational invariance by estimating local
orientation in the image, or scale “invariance” by esti-
mating scale from local image-structure, the proposed
methodology operates in the affine scale-space and es-
timates the covariance (three parameters) to shape the
filter. Shaping is local, and therefore this technique not
only extends to images related by a global affine defor-
mation, but ones that can be modeled by local affine
variations as well. Although beyond the scope of this
paper, the proposed method can also be used to shape
other filter families. The shaping is also dense and
shape parameters, if necessary, can be computed at ev-
ery pixel location.

The proposed technique is an optimization approach.
The objective takes the form
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is the objective at a pixel
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is a differen-
tial feature vector computed using a Gaussian at inner-
scale �/. and the filter responses in a neighborhood are
aggregated using a Gaussian

3
with scale

6 �'. , for a
fixed s. That is, the outer scale is coupled to the inner
scale. This formulation of the objective has its roots
in the windowed second moment matrix [6] and related
approaches to scale selection, where responses are ag-
gregated in an outer-scale neighborhood. Here, instead



of relying on a single differential feature tuned to a fixed
type of image structure, several differential features are
used.

The initial guess for �7. is obtained using scale-
selection with an isotropic scale-space ( which in of
itself provides invariance to a significant range of
isotropic scale changes). Affine parameters are esti-
mated by considering the partials of J with respect to
the three parameters in � . This equation is solved by
approximating the Jacobian and iterating to a solution
using gradient descent. Upon convergence the features
in
%
&

are affine invariant and, in general, the final filter
parameters can be used to produce an affine invariant
N-jet. The contribution of this paper is a method to use
multiple differential features to synthesize shaped fil-
ters, densely if necessary.

These features are then applied for recognition. The
plan for recognition is to compare estimated distribu-
tions of local features computed at multiple scales (mul-
tiples of the estimated filter-shape) Such an approach
using differential features has been formulated earlier
for unadapted filters [17, 20, 12, 1] and results suggest
that the shape adapted representation outperforms one
that doesn’t.

2 Related Work
We are interested in factorizing “shape”, “content”

and “noise” from images. Toward this end, differen-
tial features are used to represent content, scale-space
is used to factor out “noise” and provide a framework
to estimate “shape” with which differential features can
be transformed to produce robust (tolerant to bright-
ness and coordinate deformations) content features on
a pixel by pixel basis. Feature statistics in windowed
regions of the image are used as the image represen-
tation in recognition applications. With regard to this
paper, there are two threads of related work. One that
specifically pertains to shape adaptation and second, to
the general framework. The second aspect is consid-
ered first, but please note that it is beyond the scope
of this paper to review a large body of literature using
this methodology. Instead, we focus on the community
around differential features.

Gaussian multi-scale differential features and their
representations have been studied in the literature.
Methods have been developed using N-jets, steerabil-
ity [3], “scale-shifts,” rotational invariants, and gray-
scale normalizations to extract features, with tabula-
rasa approaches [15], angle constraints at interest
points [21], distance constraints at sampled points [17],
multidimensional histograms [20], shape index his-
tograms [12, 1], concatenated multi-scale histograms of
several differential features [17], and learned feature re-
lationships [14] to represent images. The multi-scale

differential features used here can be related to com-
monly used texture features. In the context of image
retrieval Ma et. al. [10] use Gabor filters to retrieve
images with similar texture. Gabor jets [24] have also
been used for face recognition. A comparison between
Gaussian and Gabor filters, while instructive, is beyond
the scope of this paper and a good review can be found
in [17].

None of the above mentioned techniques deal with
filters shaped with image structure. In particular, none
of the techniques that rely on dense feature statistics
to represent images produce affine invariant features.
However, with regard to shaping, there is a significant
body of emerging literature. Almost all of these tech-
niques examine affine invariance in the context of the
second moment matrix, and a majority for features at in-
terest points. This includes Lindeberg and Garding [8]
and Mikolajcyk and Schmid [11]. The proposed algo-
rithm is different in the following ways. First, it must
be viewed in the context of the use for dense represen-
tations where, by definition, shape estimates must be
computed densely. Second, there is no reliance on the
second moment matrix or, for that matter, any single
feature. The motivation here is to use an ensemble of
features, responding to different structures in the image
simultaneously to estimate the filter parameters. Third,
the optimization framework proposed here estimates the
filter parameters by iteratively deforming the filter. Fi-
nally, the ensemble of features used for estimating filter-
shape can also be used as image features and therefore
“invariant” features are produced at a point along with
the final filter shape.

3 Dense Affine Invariant Features
The first step in constructing a differential feature

representation is computing a vector of spatial image
derivatives. For example, given an image

�
, the first

two orders of spatial derivatives can be used as a feature
(vector). This vector approximates the shape of the lo-
cal intensity surface in the sense of a second order Tay-
lor approximation. Including higher orders produces a
more precise approximation. Derivatives capture useful
statistical information about the image. The first deriva-
tives represent the gradient or ”edgeness” of the inten-
sity and the second derivatives can be used to represent
curvatures (e.g. bars, blobs).

3.1 Affine Gaussian scale-space:
However, it is important that derivatives be com-

puted in a stable manner. Derivatives will be stable if,
instead of using just finite differences, they are com-
puted by filtering an image with normalized Gaussian
derivative filters (actually any 8:9 function will do [2]).
In two dimensions, a Gaussian derivative is the deriva-



tive of the function
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In the frequency domain, a Gaussian derivative filter

is a band-pass filter. Computing derivatives by filtering
with a Gaussian derivative at a certain scale, therefore,
implies that only a limited band of frequencies are being
observed. Thus, in order to describe the original image
more completely, a multi-scale representation is neces-
sary. Sampling the scale-space of the image becomes
essential.

It has been shown by several authors [2, 4, 6, 19,
25] that under certain general constraints, the Gaussian
filter forms a unique operator for representing an image
across the space of scales. It is beyond the scope of this
document to engage in a full discussion about the scale-
space image representation and, instead, the reader is
referred to the following papers [2, 6, 19, 25].
3.2 Filter Shaping

The central question is what scales to select and how.
Here, scale refers to the three parameters of the covari-
ance matrix � in the two dimensional case. To answer
this question we start with a one dimensional example,
where there is only one parameter to estimate, and then
extend the results (trivially) to two dimensions. Let O�P �
be a differential version of the one dimensional signal�

. We seek to optimize the objective, at a given point
�

:
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Here
R . is the inner scale associated with pixel k,

and
6[R . is the outer scale (see [6]), and

T
is the normal-

ized one dimensional Gaussian. The symbol
S

refers to
convolution and

6
is a fixed constant. The gradient of

the objective can be writtena �b� ���a R . 	c� ! "$�
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The solution is obtained using gradient descent and
makes the following approximation. The first part of
the Jacobian g-h#i M�jg-kli T���*5,-6[R . � , is dropped. The rationale
is that one of the two terms produced by differentiating
the first part is similar to the second part in the Jacobian,
and the second one is a higher order term involvingm 1 T_�`*-,nR . � . Since the outer scale and inner scale have
been coupled and changes are propagated to

] . D
"

at
every iteration of the numerical solution to Equation 4,

extra computations of terms whose contributions can be
subsumed by the outer scale adjustment can be avoided.

Gradient descent is used to recover oR . , the final
scale. That is,

R_p`q �. 	rR p. �ts gvu�wg . , where
a �yx

is the
approximated Jacobian. During each iteration the Jaco-
bian is held constant at the previous scale estimate, the
scale is updated, and the Jacobian (including inner-scale
filtering) is computed with the new estimate. This pro-
cess is repeated till convergence (or an iteration limit).

In Figure 1, a discretized cosine wave and the esti-
mated scale is shown. The sine wave is assumed to be
the differential signal and the scale of the Gaussian is
in good agreement with the scale of the local structure
(the negative lobe).

This procedure is extended to two dimensions. Here,
the estimated parameters are � D � , say z �5�l, z � 1 , and z 151
and during each iteration of the descent, the component
Jacobians are held fixed from the previous iteration.

There are however three considerations left to be ad-
dressed. First, the initial guess for the parameters is ob-
tained using the scale-selection method outlined in [7].
Second, the growth and shrinkage of the parameters are
bounded and we usually set

R|{7}v~
to be a proportion of

the image size, and
R|{ " P 	���; � , determined from the

eigen values of � .
The third issue pertains to the choice of differen-

tial features that make up
]

. Since
]

is not differen-
tiated (but it is re-evaluated at every iteration), therefore
there is considerable flexibility for designing the forcing
terms. In general, we use the form

]���	����_�A� BXB � B=B � 1
and consider a few choices for

�e�
.

One choice that has had some success is the single
feature

�n� �I�l��d����v�[�X�[�
, (u,v are local directions along

the major and minor axes of the evolving filter and the
cartesian basis in the isotropic case). Such objectives
however are tuned to specific features and we suggest
the use of a mixture of differential features.

With regard to using multiple differential features,
another choice is the the norm of lower order feature
vector, � � 	Q����� � 1� df� 1��� � �l� �l� d�� �v� � � �2� , com-
puted using the evolving filter. This takes the form]���	 � ����$� � � , where weight matrix ��� is pre-
specified, also see [7].

We have had considerable success using a third form
of
�

, where
�e�+	 a C
� � 8�� �n���� � , the determinant of the

covariance matrix of a feature vector comprising of ro-
tational invariants (to order two), computed in a window
of size proportional to the evolving filter parameters and
centered at � .

In Figure 2, the results of shape adaptation are
shown. The ellipses are drawn over selected points and
are a multiple (half power) of the estimated parameters
of the outer-scale filter. Differential features computed
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Figure 1: This figure demonstrates scale adaptation using the algorithm developed in this paper.The dotted line is the
original signal and the solid curve is the shape of the final filter estimated at a point on the x-axis, directly under the
maximum value of the filter. the initial filter was
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Figure 2: This figure demonstrates shape adaptation using the algorithm developed in this paper. The ellipses are half
power contours.

using these filters at the indicated locations are invariant
to affine changes.

4 Application to Recognition
There are several applications of shape adapted dif-

ferential feature representations. In particular, we are
interested in their use in recognition/retrieval applica-
tions. The steps involved in deducing similarity be-
tween a “query” and database image are as follows:
Database images are filtered a priori. The isotropic

scale is estimated at uniformly sampled locations in
the image and used as a first guess to shape the fil-
ters. At scalar multiples

� �1 , �¡ 1 ;I;
; ? � of estimated
shape parameters, the first and second order shape
adapted N-Jet are computed and normalized for bright-
ness changes [15, 21, 17]. A query image is processed
the same way. Histograms of the multi-scale differential
features, one histogram per feature per scale, are con-
catenated into a vector and correlated to measure sim-



ilarity. The top ¢ ranks are presented to the user with
the objective of locating the query in the database. We
have used this methodology before with unadapted dif-
ferential features [17] and this algorithm adds the shape-
adaptation component. We call this the SFH-1 (shaped
feature histogram-1D) algorithm.

We demonstrate the use SFH-1 on two recognition
tasks. The first is face recognition using the ORL set,
and the second is salamander recognition. The perfor-
mance of the unadapted version of the features with
the same representation and similar algorithm, called
CO1, is well documented on these tasks [18, 16] and
the reader is referred to these papers to obtain details on
the databases, protocols, and methods used.

The marbled salamander is an endangered species
in Massachusetts and extensive studies are being con-
ducted at this time to study their migratory patterns.
Marbled salamanders have textured backs and, we have
suggested that these can be used to recognize them, in-
dividually. Pictures of salamanders are obtained from
the field and placed in a database. The database used
for obtaining the salamander was collected over a four
year period (99-02), from fourteen different sites (total-
ing approximately 3000). Multiple images of salaman-
ders may be taken at a single time and other instances
of the same individual may be obtained at different sites
and different times. A total of 69 queries were used
to test the algorithm on a small subset. The idea is
to see if a newly imaged salamander is present in the
database. From a vision point of view this is challeng-
ing because salamanders have flexible shapes because
their morphology changes with time.

For the salamander recognition task a leave one out
test was used to evaluate the performance of the al-
gorithm. The objective specification is to provide at
most 5 retrievals and seek 100% recall. It is beyond
the scope of the paper to discuss the parameters used
in CO1, but the interested reader can refer to [16]. For
SFH-1, five scales around the estimated shape param-
eters were used. The shape parameters were estimated
at every 10th pixel and interpolated for in-between pix-
els. The performance of the algorithm is depicted in
Table 1, where we see that approximately 95% recogni-
tion rate is achieved. This is an improvement over the
un-adapted version.

The ORL (Olivetti Research Lab) collection is a pub-
licly available collection of 400 faces. This collec-
tion contains 40 individuals. The database contains
small view, gesture, and intensity variation. The eval-
uation methodology follows the one described by Sim
et. al. [22]. During each trial a database is randomly
split into a training set and a test set. The configura-
tions of training set per trial uses 5 exemplars per per-

Technique ORL
CMU [22] 97%
CO1 [18] 95%

Eigen-face [23] 95%
SFH-1 98%

Table 2: The performance of SFH-1 method in relation
to other techniques.

son. The remaining faces for the person become the
test set. Each of these test set images becomes a query.
A query is matched with all of the training set and the
identity of the best matching training set image is as-
cribed to the query. Over a large (100) number of tri-
als the proportion of correctly identified people is re-
ported as the recognition rate. For example, in the ORL
set a trial will consist of 200 training and test images
each. Thus, over 100 trials 20,000 queries (test set)
are matched with a random training/test pick at every
trial. The parameters used for SFH-1 are the same as
for the previous test, and the comparable CO1 param-
eters are shown in [18]. Results in Table 4 indicate a
performance improvement over the unadapted version,
Eigenfaces and Sim’s method [22].

5 Summary and Conclusions
The principal contribution of this paper is a new al-

gorithm for shape adapted filtering, exploring the affine
Gaussian scale space. These results extend the tech-
nique for recognition using differential features – in par-
ticular receptive field histogram framework. The pro-
posed technique can be used to estimate filter-shape pa-
rameters densely. It does not rely on any single fea-
ture detector (or interest operator), but uses an ensem-
ble to compute the best shape parameter. The explo-
ration of the affine scale-space is posed as a minimiza-
tion problem, and in particular the approximations pre-
sented in the paper can be used to effectively estimate
parameters. The algorithm presented here is applied to
recognition in the salamander and face recognition tasks
and observe that there is some improvement over using
“unadapted” filters. These results, however, are some-
what preliminary because the gains in recognition per-
formance in these tasks are not very large. What is clear
however is that this methodology can be used for match-
ing in several applications to establish correspondence,
across motion and stereo for example, or even feature
correspondence based methods for recognition. This
paper also indicates the next steps to be taken. In par-
ticular, we are interested in developing efficient inter-
polation schemes so that affine shape parameters need
not be computed everywhere. We are also interested in
developing filters that can adapt to nonlinear shape de-



Algorithm Rate at Rank 1 2 3 4 5
CO1 50/69 54/69 60/69 61/69 63/69

SFH-1 55/69 59/59 62/69 64/69 66/69

Table 1: The performance of SFH-1 method on Salamander Recognition

formations.
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